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1. Introduction.

Our primary concern is the comparison of two treatments in a
clinical setting, although our results are quite general and this problem
is only one application. To fix the discussion, in our major example we
assume that patients are recruited sequentially and assigned at random
into one of the two groups. Important covariable information is recorded
at the time of recruitment. The response variable is numerical (e.g.,
systolic blood pressure, cholesterol level) and is observed either
instantaneously or at a fixed time (from recruitment) in the future. We
assume that there is either a maximum sample size or a target sample size
N (see Section 3).

In most experiments of this type, the investigator will want to
study the data periodically or as it is collected and (for ethical
reasons if no other) stop if obvious differences are observed. In this
instance a sequential analysis is called for, possibly based on repeated
significance testing (RST) (see for example Siegmund (1977, 1979)). The
usual methods for such tests would be based on least squares estimates
and F-tests for a linear model. Such an analysis has two potentially
serious difficulties:

(i) if there are outliers or if the error distribution is
heavier-tailed than the normal distribution, the estimates
will be inefficient and the tests will have low power;

(ii) particular design points (which may be "outliers in the

deéign") can be extremely influential, even though the
observed response is not an outlier; this could cause

difficulties in interpretation at the very least.
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To overcome the first problem, Huber (1977) and others have
suggested the "classical'" M-estimates, which give bounded influence to
outliers in the response but unfortunately give unbounded influence
to outliers in the design. Recently, there have been a number of
proposals to handle problems (i) and (ii) jointly (Maronna and Yohai (1978));
these are the "bounded influence regression' estimates (BIR).

Our model takes the general form

(1.1) Y.

i~ Si80* Yo i=1,2,...),

where the {zi} are i,i.d. with distribution function symmetric about
zero. The parameter Yo is a scale factor to be explicitly defined
later. For our purposes it is convenient and not unrealistic to assume
that the design vectors {g_i} are also i.i.d. and independent of the
errors; modifications of this assumption are discussed in Section 5.

In the two-sample problem, we will write B = (u o B,), where u is the
intercept and a is the treatment effect. An individual design point will
take the form (1 %1 c,), where the sign is determined by the treatment
group.

All the estimates mentioned so far can be generated in the following
manner., Let (Sn(po), Yn) be estimates of scale which converge to
(SO,YO); particular choices of Y, are "Proposal 2" (Huber (1977)} or

A
“MAD" (Andrews et al. (1972)). Define §1‘ as the solution to

n
a.n 0= }oeig e eil e s eil® 0pe 801y .

-1l n~1




Particular choices of gy g2, and ¢ give important special cases, e.g.,

Least Squares gl(x) = gz(x) =1, P(x) = x
Classical M gl(x) = gz(x) =1, P(x) bounded
BIR lxgl(x)l bounded , ¥(x) bounded

Special cases of BIR estimates which are particularly noteworthy include:

Mallows (unpublished)

and gz(x) =1, Sn = I
Maronna and Yohai (1978)
Schweppe (unpublished) gl(x)gz(x) =1, Sn = I
H d Krask
am?fr{p:t?lis:\::) o g (x)gy(x) = 1, g (x) = 1/x .

In Section 2 we state the major weak convergence results, apply them
to the two-sample problem in Section 3, and prove them in Section 4.

Extensions are discussed in Section 5.

2. Major convergence Tesults,

Except where noted, we discuss only the special case that Sn = S0
(and we take S0 = 1 with no loss). Our two results depend on whether or
not { is monotone. If so, our technique is based on Yohai and Maronna
(1979), while if not it is based on Carroll (1978). Since there are two
results, we have chosen to list groups of possible assumptions.

In the applications we are going to assume that if N is the maximum
sample size, then one takes at least KN observations before stopping,
where KN +> o, KN/N + 0. We make use of this convention in this

section. The proofs and assumptions can be modified to the case

KN = constant, but at a cost of notational complication.




Define the process {GN(-)} by

]
[=]

(2.1) GN(s)

OSS<KN/N

-1

4 ”
[Ns](g[NS]-Eo)(Yo N ) K /N €£s<1.

Theorem 1. Assume Al-A7 and B1-BS below. Then

-1 _;5 [NS] ' P
(2.2) oztsxlsallNS]N |2,Gy(s) - N izl c; 8 (e v, (e )z + 0.

Theorem 2. Assume Al-A7, B4 and Cl1-C5. Then

Y [Ns] ' P
(2.3) oZgﬁxlzlcN(s) - N 121 e 8(edwle,(e )z > 0.

Clearly, Theorem 1 gives a weak convergence result for the process
[Ns]GN(s)/N in DP[O,I], while Theorem 2 considers the more interesting

process GN(s). In the next section these results and their applications

are discussed,

Let (c,z) be distributed as (c 1,gl).

Al. V¥ is bounded, odd, absolutely continuous, and Lipschitz of order

one.

A2, Iglgl(g) S My, 8,(c) > 0 almost surely.

A3. E[E_Igz(_c_:_) < Mg» 8,(c) 2 1 almost surely.
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A4,

AS.

A6.

A7.

Bl.

B2,

B3,

B4,

There exists Ay > 0 such that for every lt] = A,

sup  h72 E[V((l+qeh)g,(c) (z-c ) - V(1+Q)g,(e) (z-e )% < o

,QI’IhlSAO

I, = Ec'cg,(c)g,(e)V¥'(g,(c)2) is of full rank, and as |t] = o,

r=+0,

|Ec’ g, ()¥(8,() (1+r) (z-c 1)) + I t| = o([t[+[r]) .
22 = Ec' _c_{gl(_<_:_)tl.v(g2(g)z)}2 is of full rank.

lin s E[W(1+q)g,(e) (z-c 1)) - ¥(g,())}° = 0 .
e*0 ‘ql,ItISE

{(This actually follows from Al - A4, but it is convenient to state it

separately.)

V is monotone nondecreasing and nonconstant, and if D(u,z) =

(V(u+z)-Y(u))/z, then |u|sa, |z|<b imply D(u,z) 2d > 0.

P{|z] s €} > 0 for all ¢ > 0.

The minimal eigenvalue )‘min of the matrix
Eg,) (©)8,(e)c! cl{g,(e)sa, g () c|sb}
is positive.

sup{[Ns]IY[Ns] - yolu"’: 0<ss1})= Op(l) .




B5. For every € > 0, there exists Q,N1 such that N 2 N. implies

1

p{Q} < Y, $Q forall KysnsN21-¢.

T e e

Cl. 1In addition to Al, ¥ has two bounded continuous derivatives except

on a finite set B.

O

C2. ¢ is constant outside an interval.

C3. The distribution function of gz(g)z is continuous at all b € B,
‘ - C4. For every € > 0 as N+ =
A
f : P{I_@_n-_8_0|>eforsome KNSnsN}-rO.

C5. For every € >0 as N+ o,

—— s

P{IYn - YOI > e for some K. <n <N} ~+0.

N

Remark 2.1. Al holds for the common Meestimators. Bl

is as in Yohai and Maronna (1979), while C1-C3 are needed by Carroll

3 (1978) .

)
f Remark 2.2. A2-A3 are not unusual for BIR estimates. Ad, A5, and A7 are
!

smoothness conditions corresponding to those of Bickel (1975).

Remark 2.3. When y is monotone, B2-BS5 are specially adapted versions of

assumptions in Yohai-Maronna. In an unpublished manuscript, they have

also shown (C4-CS when gz(g) £ 1, ¥ is monotone, and scale is estimated

by Proposal 2.




o mmm

3. Two-sample problem.

-

For the two-sample problem, the treatment effect is a' g8 0= @
where a' = (0 1 0...0). We consider the situation in which we are
allowed to take at most N observations and let the process start by
taking at least I(N observations. The usual RST methodology for testing
HO: o =0 vs. le o # 0 follows this form: for each KN < n <N, one
computes the usual F- or t-statistic based on n observations and compares
it to a cutoff point (possibly depending on n,N). Hy is chosen and
experimentation stopped if for any KN < n < N the test statistic is

"large'"; at the final observation (n = N}, a new cutoff point is defined.

Note that in the previous section we have shown that if W is

Brownian motion,

-1, v oyl -1 % =
[NsIN ~ a GN(s) (a Zl 22 21 a) > sW(s)
where "=>" denotes weak convergence in D[0,1]. Let {CN(°)} be a
sequence of nonnegative functions in D[0,1] converging (uniformly) to a
continuous function C(¢) and let D be a positive number. If YO’ ).‘.l,
and 22 were all known, then a general class of RST's which fits into
the framework outlined above would take the following form:
Take an initial sample of K, observations. Reject Ho
in favor of H1 if either of the following obtains:
(i) [Ns]N'l’ |a* ﬁ | >c,(s)A_ for some K /N < s < 1;
a' Brnsyt > Gy(S)A, N ;
(ii) Nli]a' 8.l > DA
£ EN =

-1 -1
(where A = Yo a' El 22 21 a).

The constant A, can be estimated, One reasonable estimate is




Lemma 3.1, Under the assumptions of Theorem 1, C4 holds if we also assume

= -1 -1
AN(S) = Yingy &' Ipp(8) T Ion(s) Tyy(s) T a
where !
!
sl
(3.1)  Eu(s) = [Ns] i__Z_l e c,8 (e, ley)
A
. ' -
(7 (gz(g_l)(}’l SIE[NS])/Y[NS])
and
| (3.2 vyl P
: on(s) = [Ns] izl ¢ ¢4lg(e))
! ' « Wy ) (ysm¢: By )/ Y1)}
: 2 =i"*i =i=Ns] [Ns] :
' -_ The procedure we propose is the same as above but with AN(s)
! replacing A_. Before analyzing the power of this test, we need the
; g following:
[
¥
!

<

that for all L >0, 0 >0 and [0] =1,

- -
[ St N,

(3.3) Eg, (c) (¢ 0)¥(08, (c) (z-1c 8)) < 0 .

e .

(We will analyze the power of these tests for contiguous alternatives so
' the term a' B8, below will depend upon N, though this will not be explicit

in the notation,)

Theorem 3., Suppose that N;’ a'B. »n (finite), that C4 and CS hold, and

=0
that either (2.2) or (2.3) holds. Suppose further that y satisfies Al-A7

and




l
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(3.4)  limElc|gy(e)  sup  [¥'(g,y(e) (1+r) (z-c 1)) - V' (g,()z] = 0.
€0 Ir|se, |t]se .

Then the power of the RST comverges to
(3.5) P{|W(s) + sn,} > C(s) for some 0<s =<1 or |WQA)+ n,|>D},

- - =L
where n, = ﬂ(Yg a' 211 Iy 1 a) ‘.

Remark 3.1. The quantity (3.5) can be computed from Anderson (1960). In

comparing different tests, the relevant quantity is

-1 5 2-1

2'
Yo'l LI 2.

Remark 3.2. Siegmund (1979) has considered RST's with (essentially)
= 2 -1 %
Cy(s) = (2[Ns]” N " (exp(a/[Ns])-1))

and has derived approximations in the normal case which are better than

(3.5).

Remark 3.3. The approximations (2.2) and (2.3) can be used to construct

analogues to classical F-tests (see Schrader and Hettmansperger (1980)
for another approach). One could test Ho: K' 8 = 0 by rejecting for

large values of

' & ' ' -1 - -1 -1 ., 4
) MO RN (OO I MO MO RS gl O PR
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4, Proofs.

The proofs of Theorems 1-3 are broken into a number of steps. In

Lemmas 4.1 - 4,4 we make the assumptions of Theorem 1. Also define Y = 0-1
-1
and Yn = Gn .

Lemma 4.1. Define Ei(r) = gigl(_c_:_.l)w(gz(_c_ i)zi(1+r)). Then the process

1. [Ns]
Hy(r,s) = N7 ] £.(r)
i=1

on D{[-AO,AO] x [0,1]} converges weakly to a Gaussian process which ig

almost surely continuous.

Proof. The finite dimensional distributions converge by Al and A2. By
Al, A2, A4 and the remark following Theorem 3 of Bickel and Wichura
(1971, p. 1665), HN is tight (in the notation of their equation (3),

Y1=Y2=2 ,31=62=1). Define the continuous process

4

H,'G(T,S) H-N(rss) + (NS-[NS])E[NS]+1(T)N-

Hy(r,s) + Op(l)

uniformly in (r,s), from which the lemma follows. a

Lemma 4.2. Define

_3/2 [Ns] :
Vy(r,s,t) = [Ns]N 3/2 izl < ;81(c Vg, (e ) (zi—gigN“ZI[NSI)(1+er/2/ [Ns1))
VN(r!er_) = Vﬁ(rrS:E) - Vﬁ(O,S,O) - EV&(T,S,_!L_) .

Then for all €>0, M>0 there exiets B = B(e,M) such that




%

P{|Vy(r,s,0)| > € for some |r|sM, |t|sM,BN"?ss<1} <€,

Proof, Fix €>0,M>0. For any B>0, 6§>0, A2-A3 and the fact that y is r

Lipschitz show

1
2

o sup{ |V (r,s,t) - Vy(r,s,0)|: BN “<s<§, [r[<M, |t|sM} = Op(é)

From Lemma 4.1 we can choose B large and 6 small so that

P{{sup|v, (r,s,0)]: BN

<s<é, |r|sM}> e} < e/2.

Hence it suffices to prove the lemma when § < s < 1 for arbitrary §;
since M is arbitrary we need only prove the lemma for the process
generated by

: - - [N R
Vi(r,s,t) = N 151 €8, (e Wlgy(e Iz - INTH(14xNT?))

i With this new process Vb“; we need only prove tightness since (A2 and A7)

Var(Vﬁ(r,s,Q) + 0. For any t,, by Al-A3

e

sup{|V§(r,s,£) - Vi(r,s,t)|: 0ss<1, |r|sM, Jt-t,]sn} = Op(n)

This means we need only prove tightness of Vﬁ(',ng*), which follows from

A4 as in the proof of Lemma 4.1. ‘ a
- Lemma 4.3. For every M > 0,
A -
t sup{nzl_B_nlN 32, KNsnSMNI/z}RO.
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: Proof. Fix €¢,M > 0, From B3,
sup{P(|c 8|=0): |8] =1} <1,
so that for every D > 0 there exists n(D) with

(4.1) sup{P(0<|cO[<n(D)): 8] = 1} <D/2 .

Define

Choose Q > 1 to satisfy the inequality of BS and P(]z]>Q) < €.

-1 !
R (8,L) = n 121 g,(c;) (e, Mg, (c I(zy-Le, o) .

A -
As in the proof of Theorem 2.2 of Yohai and Maronna (1979}, nzlgnIN 3/2 > €

' A 1 1
) for some Ky s n s MV implies l_B_nl > eN/M® so that R (8, eNYM?) > 0
for some lg] = 1, Since Y is monotone and skew symmetric, with

probability at least 1-2¢ by B5,

3, 2 -1 3 . -2
Ry, Ny =t ) g () le, B10(o g, (c ) (sign(e , )z, - eN*|c  BM™))

wr
DV VU R

PR I 3 -2
L g (c;) e ; 8lvio gy (e I (lz; |- eN¥lc; 8]MY)
1=

- -
N L A

n
. < My sup|¢|n”! DRUCIRSS

n
+ ! '21 g,(c;) IgiE_I\D(QZ g,(c ;) (l-EN;slgi_e_l/MZQS))
i=

. I{|zi| < Q)

3 . -
; =Rnl"RnZ'

By the strong law of large numbers (SLLN),

—~— e L
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lim sup R , < €M, sup|y| (a.s.) .

n-ree

Since Y is monotone, applying Lemma 1 of Yohai (1974) shows that for every

1
L > 1 (since N/i/QM2 + o)
(4.2) lim sup{R ,: [8] = 1, Ky <n s N}

< et © le8lvie, @ 1-Llc 8DIP(lz,| < @ (aus.) .

Since ¥ is monotone nondecreasing and nonconstant, lim inf y(x) < 0.

X > =0
Therefore from (4.1), 8, (c) > 0, (A2), dominated convergence, and Fatou's J
Lemma, one can choose L and Q sufficiently large so that the right side of

(4.2) is at most A < 0 and A_ is independent of €. One completes the

proof by choosing €, sufficiently small, g 1

Lemma 4.4. For every € > 0 there exists M=M(€)>0, L(g) such that for

N sufficiently large
A -k %
P{n|§n|N >L for some MN® < n s N} < 4¢ .

Proof. Choose Q as in B5 and define

n
Ry(6,L,n) = N" izl g)(cy)(e; (g, (c ) (zi-1c, 8)0) .

Let L = M/Q. As in Theorem 2.2 of Yohai and Maronna (1979),

A -
n[g [N IS implies RN(g_,m”/n,n) > 0 for some [8] = 1. When

Q'1 $0o,.5Q (with probability at least l-¢ from B5) uniformly in

|8] = 1, then by Bl,
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Ry(8 . IN¥/n, m) s A (n,N, 8) - Ay(n, )

= N-11

[ e 3~

g,(c;)(c; Bv(g,(c;)2.0.)

i=1

n
- dm-z n_l ‘Zl gl(_c_l)gz(g.l) (E.lg)z
i=

- iz, ] s Qg (e )5, gyle D e lsb) .

By the SLLN and B3,

-1
lim sup A, (n,0) 2 dMA . P{|z| < Q°} (a.s.) .
2V min

Therefore, it suffices to show that

sup |A (n,N,8)| = 0 (1)
jel=1 ! P

MN;’SnSN

for some M,

We have for [8] = 1 and Ws<n <N

n
A, (n,N,0)] < i N igl g, (c)e; vlgy(e;)z 0 o
MN“<nsN

Assume M > 1, Then from B4 there exists M, independent of M (we may

take M, < M) so that

P{sup{[Ns]IY[Ns] - YOIN';’: 0sssl1}2M}<e,
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%

P{sup{n|yn - YOIN'!i: MN®<snsN}2Ml}<e

or l
3

P{sup{|Yn - YOI: MNE < n s N} s M_N a1 -e.

Therefore for M sufficiently large !

IA

P{sup{|y_ - ¥ I:MN!’SnsN} vy./2} 21 - € ;
n 0 0
hence for some M,, not depending on M
1
p{lo_ - oyl s M,, for all MN?<ns<N21-¢.

Thus, since GO =1, |

INs]

sup JA (N s sup N T g (e e, Vg, (e)z (+r))| = 01

lols1 11 0ss<1 igl (6% V()% (1em = G () |
0s <M

v <N |z |sm,,

by Lemma 4.1, 0

i

Proof of Theorem 1. Fix € > 0 and 8 > 0. Then Lemma 4.4 shows

that when the sup in (2.2) is taken over K.N/N <£s s 6, (2.2) is OP(G).
Since § is arbitrary, it suffices to prove (2.2) when the sup is taken
over ass <1 forany a > 0. In Lemma 4.2 set

t=0, [Ns] (_g_[Ns]-_B_o)NJ’ ,» T=[Ns] (G[Ns]/ao - l)NJ2 , both of which are Op(l)

(by Lemma 4.4 and B4). Then use A5; since a < s < 1, the proof is

complete. 0

e VR T Sttt T R P C e - -
- - - - - - - -
i _ .
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Assume Al-A7 and C1-C5. There i8 a function h(x) + 0 as
x =+ 0 for which the following obtains: for every € > 0 sufficiently

small, almost surely as n + « and uniformly in |c-00|Se, |_§-§0|5e:

n
(4.3 Il T el (e Wi 0t BO) - gy (e)z,)
i=1

+ oc.g,(c I (8,y(c;)z,) (B-B )
- gy(e3)2; V' (gy(e;)z;) (0-0)

< he)(lo-ogl+ [8-8,D) -

Proof. Set 00=1, §0=0 without loss. Define

M, = 2 + max{|K| , keB}

d(e) = (2M, g1yl

A(e) = {|c|g,(c) 2 d(e)}
L(e,0, B) = {|g,(e)o(z-cB) - K| >2ed(e) for all KeB} . /

Using C2 choose a > 1 such that § is constant on (-%,-a} and

constant on [a,©). Choose € is so small that
|
200/(1+e) - ed(e)/(1-€) 2 a
and
20e + €d(e) (1+c) s 2ed(e) .

Now suppose that |o - 1| s ¢, |B| <€, (2,¢) € L(c,0,8) and

c £ A(e). Then if gz(g)z 2 20, it follows that




——— e e

g,(c)oz 2 20/(1+€) 2 @

and

g2 ()0(z-cB) 2 20/(1+€) - |g,(e)cBl/(1-€) 2 a

so that w(gz(g)o(z-gg)) = RU(EZ(E)Z); similarly gz(_c_)z < =2a implies

that U(g,(c)o(z-¢cB)) = Vg, ()z). If |g2(g)z| < 2a, then

lg,(e) (z-0(z-cBN] = |gy(@z(o-1)]| + [g,(c)oc B

< 20e + ed(e)(1+€) < 2¢ed(e) ,

so that gz(g)z is in the same interval between points of B as is
gz(g)c(z - c¢B), so that we may use a Taylor expansion to bound the
summands in (4.3).

If |G - l| > g, |§_| > g, (z,c) £ L(g,0,B), or ¢ € A(g), then we can
use the fact that y is Lipschitz and constant on (-«~,-a] and on [&,®)
to bound the summands, This suggests that we can bound (4.3) by

CO{Anl + A, v AL+ An4}’ where C, depends only on y and

>
H

n
T L (e o -1le e 1BDY g lgyte ) 5 (o)

n
Mg =07 L gple o1l vl HBDT G ¢ ) £ Ue0, D)

BURTIACHERIG),

2>
i

n
n3 n'l igl 82(£i)(,°'1| + ,gillgl)l{lgilgz(gi) 2 d(e)}

n
na =0 L 1W(By(e )00z - ey B - W(gyle Pz [T lgy(e,) 2 )} .

i=1

A =
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We must prove the bound of the lemma for each term. This is easy to do

for An and An by applying the SLLN and using A3, For 1\n » Since ¢ is

1 3 4
Lipschitz and A3 holds, we need only prove the lemma when B = 0. Since

Y is constant off a compact set, there is a constant M1 with

1

n
A4(B=0) 5 |0 - 1[n” izl g5(c )z, [1{e ;le (e )2d(e) , gy(c Dz, <M},

so from A3 the lemma holds for An4’ Finally, for some constant MZ’

.1 2
A, < (lo-1]+]8hn igl go(e ) e IT{lg,e )z, - K| s M, ede)

for some KeB} ,

so that A3, C3 and the SLLN and dominated convergence complete the

proof. a

Proof of Theorem 2. Fix el, €, > 0. Using the fact that Zl is of full

2
rank, and applying Al, A2, B4, C4, C5 and Lemma 4.5, we see there exists

M,, M

1’ M such that N 2 M1 implies

(4.4) P{Iﬁn - Bol + |0n - o°| > €, for some K s n<N}s<e

% n -1-1 §
(4.5)  PIN*(Glo, - opl + |I°N .21 e 8;(cIV(gy(e )z}
1-

>M2 for some KNSnSN}SC

2
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- gy(e )2y V' (gy(e )z,) (0-00) 3] > dh(e) (Jo-o |+ |8~ 84D
for some Ky <n <N and some Io-oolsel R IE-EOISEI} <€ .
Choosing §=_é_n » 0=0_ we see that if N 2 M1 the probability that the

following event obtains for all KN £ n <N is at least 1 - 2(€1+ 62):

- A -
(4.7) nlﬁn - BolN % g an(eIn|8 - goln 5, oM, .

A -
For (4.7) to occur we must have (for €, small) nIBn - _B_OIN % < am

1 2’

proving that

%, -
0|N : KysnsN} = 0p(1) .

A
(4.8) sup{nl_B_n - B

A -
Placing n(g-go)N & into (4.6) with 0=0_ » §=Bn completes the proof, U

Proof of Lemma 3.1. This follows by applying the technique of Lemma 4.3,

B5, Lemma 1 of Yohai (1974), and (3.3). 0
Remark. Al, A3, and B1-B2 imply (3.4) by dominated convergence.

Proof of Theorem 3. We will first show that for j = 1,2

(4.9) sup{IZjN(s) - zjl: Ky/Nsss1) 2.
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First consider j = 1, From A2, C4 and C5, with probability at least

1-¢/2,
| [Ns]
(4.10)  |Z(9) - N X ey <18 (€ 8y (e PV (8 (e )2))]

W)
< (Ns]™ '21 e leyte )
i=

sup P (g, (c.)(1+r)(z,=c . t))
frlsc Tefee U B2 =i

- w'(gz(gi)zi)l .

One applies (3.4) and the SLLN to prove (4.9); a similar proof using A7

and Lemma 1 of Yohai handles j = 2, Since Zl and 22 are of full rank,

the power becomes

P{[NS]ZN'S/Zlgf é{Ns]' > [Ns]N'1 Ay (s)Cy(s)

1 A
for some KN/N <s<1 or N|a' §N| > A.N(l)D} .

from which (3.5) follows by Theorem 1. 0

5. Extensions.

(a) It is possible to extend the results to classical M-estimators.
In Theorem 2 we need E|E|2 < o, For Theorem 1, A4 and A7 must be
modified so that Lemma 4.1 holds.

(b) We have dealt with the case in which the design vectors {g_i}
are i.i.d., both because it is often reasonable and because it simplifies
the exposition. If these vectors are (i) constants or (ii) generated in

Section 3 by blocking on each group of two patients, it is still possible
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to apply our techniques. Detailed and reasonably simple conditions can
be worked out, both because of the nature of BIR estimates and because
our results depend in large part on easily generalized standard SLLN and
weak convergence techniques, The major difficulties lie in (4.1) and

(4.2) and the terms A in Lemma 4.5.

nS’An4
(c) It is possible but extremely messy to extend the results to
estimating S0 by Sn.
(d) In Lemma 4.5, the major use of symmetry is that it assures
Eg_gl(g_)gz(_c_)zw'(gz(_g)z) = 0. For Section 3, the symmetry is unnecessary
if g (¢) = gj(lgl) (j = 1,2) and the patients are randomly (with

probability %) assigned to each group, for then

Ea' cg,(c)g,(c)zy' (g,()z) = O

(e) The approximation (2.3), while only of first order, can in fixed

sample problems give some information about the dependence of the design

on the rate of convergence through Berry-Esseen results for

N
By Yo N ) T e gyle Wigle )

«

e e e " ——

Since the {gi} are i.i.d., when Yo is estimated in an appropriately 1

- -
B e

smooth fashion simultaneously with B (as in Huber's Proposal 2), the BIR

estimates are minimum contrast estimates of a vector parameter. If y has

P e m - w w—

a derivative then Berry-Esseen results and Edgeworth expansions are

N available (e.g., Pfanzagl (1973) and Bhattacharya and Ghosh (1978)). For

. * a v
‘ the Huber function Y(x) = max(-b, min(x,b)) when the design is bounded,

. it should be possible to prove a version of (3.8) in Bickel (1974) and

obtain an Edgeworth expansion. (In the location case with scale not

estimated, Jureckovd (unpublished) has verified Bickel's (3.8).)
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